J. Math. Soc. Japan, to appear 
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Abstract. Let p € (0, 1]. In this paper, the authors prove that a sublinear operator T 
(which is originally defined on smooth functions with compact support) can be extended as a 
bounded sublinear operator from product Hardy spaces H p (M. n x R m ) to some quasi-Banach 
space B if and only if T maps all (p, 2, si, S2)-atoms into uniformly bounded elements of B. 
Here s\ > [n(l/p— 1)J and s 2 > [_m(l/p — 1)J. As usual, [n(l/p— 1)J denotes the maximal 
integer no more than n(l/p— 1). Applying this result, the authors establish the boundedness 
of the commutators generated by Calderon-Zygmund operators and Lipschitz functions from 
the Lebesgue space L p {R n x R m ) with some p > 1 or the Hardy space H p (W l x tt m ) with 
some p < 1 but near 1 to the Lebesgue space L q (M. n x K m ) with some q > 1. 

1. Introduction 

The theory of Calderon-Zygmund operators and Hardy spaces on product spaces has 
been studied by many mathematicians extensively in the past thirty years, see, for example, 
[8, 9, 11, 12, 18, 19, 27, 28]. Recently, Ferguson and Lacey [13] characterized the product 
BMO x K+) by the nested commutator determined by the one-dimensional Hilbert 
transform in the jth variable, j = 1,2. Motivated by this, Chen, Han and Miao in [6] 
established the boundedness on H 1 (W l x M m ) of bi-commutators of fractional integrals 
with BMO functions. The boundedness on // 1 (M n x M m ) of the Marcinkiewicz integral 
and its commutator with Lipschitz function was also established in [27]. 

To establish the boundedness of operators on Hardy spaces on R n and M. n x M. m , one 
usually appeals to the atomic decomposition characterization of Hardy spaces, which 
means that a function or distribution in Hardy spaces can be represented as a linear 
combination of atoms; see [7, 21] and [3, 5] respectively. Then, the boundedness of linear 
operators on Hardy spaces can be deduced from their behavior on atoms in principle. 
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However, Meyer [22, p. 513] (see also [2, 15]) gave an example of / G H l (R n ), whose 
norm cannot be achieved by its finite atomic decompositions via (1, oo)-atoms. Based on 
this fact, Bownik [2, Theorem 2] constructed a surprising example of a linear functional 
defined on a dense subspace of // 1 (IR ra ), which maps all (1, oo)-atoms into bounded scalars, 
but yet cannot extend to a bounded linear functional on the whole H 1 (R n ). This implies 
that it cannot guarantee the boundedness of linear operator T from H p (R n ) with p G 
(0, 1] to some quasi-Banach space B only proving that T maps all (p, cx>)-atoms into 
uniformly bounded elements of B. This phenomenon has also essentially already been 
observed by Y. Meyer in [23, p. 19]. Moreover, motivated by this, Yabuta [30] gave some 
sufficient conditions for the boundedness of T from H p (R n ) with p 6 (0, 1] to L q (R n ) 
with q > 1 or H q (R n ) with q G [p, 1]. However, these conditions are not necessary. In 
[28], a boundedness criterion was established as follows: a sublinear operator T (which 
is originally defined on smooth functions with compact support) extends to a bounded 
sublinear operator from H p (R n ) with p G (0, 1] to some quasi-Banach spaces B if and 
only if T maps all (p, 2)-atoms into uniformly bounded elements of B. This result shows 
the structure difference between atomic characterization of H p (R n ) via (p, 2)-atoms and 
(p, oo)-atoms. This result is generalized to spaces of homogeneous type in [29]. 

The purpose of this paper is two folds. We first generalize the boundedness criterion 
on R n in [28] to product Hardy spaces on R n x R m . Precisely, we prove that a sublinear 
operator T (which is originally defined on smooth functions with compact support) extends 
to a bounded sublinear operator from H p (R n x R m ) with p£ (0, 1] to some quasi-Banach 
spaces B if and only if T maps all (p, 2)-atoms into uniformly bounded elements of B. 
Invoking this result and motivated by [6, 13, 27], we then establish the boundedness of 
the commutators generated by Calderon-Zygmund operators and Lipschitz functions from 
the Lebesgue space L p (R n x R m ) with some p > 1 or the Hardy space H p (R n x R m ) with 
some p < 1 but near 1 to the Lebesgue space L q (R n x R m ) with some q > 1. 

To state the main results, we first recall some notation and notions on product Hardy 
spaces. For n, m G N, denote by 5(R n x R m ) the space of Schwartz functions on R n x R m 
and by S'(R n x R m ) its dual space. Let V(R n x R m ) be the space of all smooth functions 
on R™ x R m with compact support. For s u s 2 G Z+, let V SuS , 2 (R n x R m ) be the set 
of all functions / G V(R n x R m ) with vanishing moments up to order s\ with respect 
to the first variable and order s 2 with respect to the second variable. More precisely, if 
/ G V(R n x R m ), then for c*i G T% and a 2 G with |oti| < si and |a 2 | < s 2 , one has 



For si, s 2 G Z + and cti, a 2 G [0, oo), we denote by £> sl)S2;(TliCT2 (R n xl m ) the space 




for all x 2 G R m , 



for all xi G R n . 
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V Sl:S2 (R n x R m ) endowed with the norm 

ii/K, 32;CT1 , CT2 (ffi"x K -) = sup (i + ixiira + ^irmxi, x 2 )\. 

In articles [3, 4, 5], Chang and Fefferman introduced the following atoms and atomic 
Hardy spaces on the product space R n x R m . 

Definition 1.1. Let p G (0, 1], si > [n(l/p - 1)J and s 2 > [m(l/p - 1)J. A function a 
supported in an open set O C K 11 x R m with finite measure is said to be a (p, 2, s\, S2)- 
atom provided that 

(AI) a can be written as a = Y1reM(Q) wnere A4(f2) denotes all the maximal dyadic 
subrectangles of Q and or is a function satisfying that 

(i) an is supported on 2R = 21 x 2 J, which is a rectangle with the same center as 
R and whose side length is 2 times that of R, 

(ii) an satisfies the cancelation conditions that 

/ or(xi, X2)x^ 1 dx\ = for all X2 G 2J and |ai| < s±, 
J21 

/ or(xi, X2)x^ 2 dx2 = /or all x\ G 2/ and | «2 1 < 

J2J 

(All) a satisfies the size conditions that HaH^^n^m) < |n|V2-VP an d 

\ 1/2 

^ ll a i?ll|2(IRnxIR™) ] - |^| 1/2_1/P - 

Definition 1.2. Let p G (0, 1], si > [n(l/p — 1)J and s 2 > [m(l/p — 1)J. A distribution 
/ G S'(M n x K m ) is said to be an element in H p ' 2 ' Sl ' S2 (R n x M m ) if there exist a sequence 
{AfcjfceN C C and (p, 2, si, s 2 )-atoms {a fe } feGN such that / = ^ feeN A fe a fe in S'(R n x M m ) 
with X] fegN |Afc| p < 00. Moreover, define the quasi-norm of / G iJP' 2 ' Sl ' S2 ^n x IR m ) 
by H/llHP' 2 ' s i' 3 2(]R™xR m ) = ^{(SfceN I Afe| p ) 1 ^ p }, where the infimum is taken over all the 
decompositions as above. 

It is well known that HP> 2 > sl > S2 (R n x R m ) = H p ' 2 ^^ t2 (R n x R m ) with equivalent 
norms when s±, t\ > [n(l/p — 1)J and S2, *2 > [m(l/p — 1)J; see [3, 4, 5, 10, 17]. Thus, 
we denote #P> 2 , S i, S2 ( R n x R m) simp i y by H p (R n x M m ). 

Recall that a quasi-Banach space B is a vector space endowed with a quasi-norm || • \\g 
which is nonnegative, non-degenerate (i.e., = if and only if / = 0), homogeneous, 

and obeys the quasi-triangle inequality, i.e., there exists a constant Co > 1 such that for 
all f,g€B, 

(l-l) ||/ + 5||b<Co(||/|| b + || 5 ||b). 
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Definition 1.3. Let q G (0, 1]. A quasi-Banach spaces B q with the quasi-norm || • \\s q is 
said to be a (/-quasi-Banach space if || ■ ||| satisfies the triangle inequality, i. e., ||/+g||| < 
||/|||, + Nil, for aU/,^€B,. 

We point out that by the Aoki theorem (see [1] or [16, p. 66]), any quasi-Banach space 
with the positive constant Co as in (1.1) is essentially a g-quasi-Banach space with q = 
Llog 2 (2Co)J _1 . From this, any Banach space is a 1-quasi-Banach space. Moreover, £ q , 
L q (R n x R m ) and H q (R n x R m ) with q G (0, 1) are typical g-quasi-Banach spaces. 

Let q G (0, 1]. For any given g-quasi-Banach space B q and linear space y, an operator 
T from y to B q is called to be £>g-sublinear if for any f, g & y and A, v G C, we have 

||T(A/ + ^)|| B , < (|An|T(/)||^ + ^n|T( ff )||^) 1/9 

and ||T(/) - T(g)\\ Bq < \\T(f - g)\\ Bq ; see [28, 29]. Obviously, if T is linear, then T is 
£> g -sublinear. Moreover, if B q is a space of functions, T is sublinear in the classical sense 
and T(f) > for all / G y, then T is also ^-sublinear. 

The following is one of main results in this paper, which generalizes the main result in 
[28] to product Hardy spaces. 

Theorem 1.1. Let p G (0, 1], q G [p, 1] and B q be a q- quasi- Banach space. Suppose 
that s± > [n(l/p — 1)J and S2 > L?n ( 1 — 1)J . Let T be a B q -sublinear operator from 
T> SltS2 (M n x M m ) to B q . Then T can be extended as a bounded B q -sublinear operator from 
H p (R n x R m ) to B q if and only ifT maps all (p, 2, si, s 2 )-atoms in V SuS2 (R n x R m ) into 
uniformly bounded elements of B q . 

Theorem 1.1 further complements the proofs of Theorem 1 in [11] and a theorem in 
[9], whose proof is presented in Section 2 below. The necessity of Theorem 1.1 is ob- 
vious. To prove the sufficiency, for p G (0,1], s\ > \n{\/p — 1)J, s 2 > [m(l/p — 1)J 
and / G V SljS2 (R n x R m ), we first prove that / has an atomic decomposition which 
converges in P Sl)S2;o . li0 . 2 (R n x R m ) for some o\ G (max{n/p, n + s}, n + s + 1) and 
o~ 2 G (max{n/p, n + s}, n + s + 1) (Lemma 2.3), and then extend T to the whole 
f si, s 2 ; 0-1,0-2 x R m ) boundedly (Lemma 2.4). Finally, we continuously extend T to 
the whole H p (R n x R m ) by using the density of V SuS2 (R n x R m ) in H p (R n x R m ). 

Recall that a function a is said to be a rectangular (p, 2, si, ,S2)-atom if 

(Rl) suppa C R = I x J, where I and J are cubes in R n and R m , respectively; 

(R2) f Rn a(x±, X2)x" 1 dx\ = for all X2 G R m and |ai| < si, and J Rm a(x±, X2)x2 2 dx2 = 
for all x\ G R n and [02! < S2; 

(R3) ||a|| L 2( I8 n X ] R m) < \R\ l l 2 ~ l l p . 
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As a consequence of Theorem 1.1, we obtain the following result which includes a 
fractional version of Theorem 1 in [11] and is known to have many applications in harmonic 
analysis. 

Corollary 1.1. Letq G [2, oo) andT be a bounded sublinear operator from L 2 (R a x R m ) 
to Li"(R n x R m ). Let p G (0, 1] and 1/q - 1/p = l/q - 1/2. // there exist positive con- 
stants C and 5 such that for all rectangular (p, 2, si, S2)-atoms a supported in R and all 
7 > Smaxjn 1 / 2 , to 1 / 2 }, 



where R y denotes the j-fold enlargement of R, then T can be extended as a bounded 
sublinear operator from H p (R n x R m ) to L q (R n x R m ). 

The proof of Corollary 1.1 is given in Section 2 below. We point out that if qo = 2 and 
T is linear, then Corollary 1.1 is just Theorem 1 in [11]. Moreover, there exists a gap in 
the proof of Theorem 1 in [11] (so is the proof of a theorem in [9]), namely, it was not clear 
in [11] how to deduce the boundedness of the considered linear operator T on the whole 
Hardy space H p (R n x R m ) from its boundedness uniformly on atoms. Our Theorem 1.1 
here seals this gap. 

Remark 1.1. Using Corollary 1.1, we now give affirmative answers to the questions in 
Remark 4.2 and Remark 4.3 of [27]. We use the same notation and notions as in [27]. 
Particularly, denote by jiQ the Marcinkiewicz integral operator on R n x R m with kernel 
U G Lip (cki, a 2 ] S n_1 , S m_1 ), here a\, a 2 G (0, 1]. If max{n/(n+ai), m/(m+a2)} < p < 1, 
then in Remark 4.2 of [27], we proved that for all (p, 2, 0, 0) atoms a, ||^Q(a)||LP(iRnxR m )^l- 
Moreover, let b G Lip (ft , (i 2 ; R n x R m ) with (3 1 ,(3 2 G (0,1] satisfying (3 1 /n = fo/m and 
Cbi^n) be the commutator of b and fin. If 1/q = 1/p — (5\/n and 



However, in [27], it is not clear how to obtain the boundedness of fiQ from H p (R n x IR m ) 
to L p (R n x R m ) and boundedness of C b (jm) from H p (R n x R m ) to L"(R n x R m ) by these 
known facts. Applying Theorem 1.1 here, we now obtain these desired boundedness, and 
hence answer the questions in Remark 4.2 and Remark 4.3 of [27]. 
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maxjn/ (n + a±), m/ (m + a 2 )} < p < 1, 



then in Remark 4.3 of [27], we proved that for all (p, 2,0,0) atoms a, 



1 1 C b (flQ ) (a) 1 1 L q ( R n x R m) < 1 . 



Now we turn to the boundedness of commutators generated by Lipschitz functions 
and Calderon-Zygmund operators. We first introduce the notion of Lipschitz functions 
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on R n x R m . Let a G (0, 1]. A function 6 on R n is said to belong to Lip (a; M n ) if there 
exists a positive constant C such that for all x, x' G R™, 

|6(x)-6(x')| < C|x-x'| a . 

Obviously, a function in the space Lip (a; R n ) is not necessary bounded. For example, 
\x\ a G Lip (a; R n ), but |x| a L°°(M n ). 

Definition 1.4. Let ar, a 2 G (0, 1]. A function / on R n x K m is said to belong to 
Lip (a x , a 2 ; R™ x R m ), if there exists a positive constant C such that for all x x , y x G R n 
and x 2 , y 2 G R m , 



(1.2) I [/(a*, x 2 ) - /(xi, y 2 )] - [f(yi, x 2 ) - /(yi, y 2 )]| < C|xi - yiH^ - 2/2 



«2 



The minimal constant C satisfying (1.2) is defined to be the norm of / in the space 
Lip(ai, a 2 ; R™ x R m ) and denoted by ||/|| Li P (ai,a 2 ;R"xR'")- 

We remark that a function in the space Lip (a\, a 2 ; R n x R m ) is also not necessary to 
be bounded. In fact, if f x G Lip (an; R") and / 2 G Lip(a 2 ; M m ), then it is easy to check 
fi(x 1 )f 2 (x 2 ) G Lip(ai, a 2 ; R™ x R m ). 

In this paper, we consider a class of C alder on- Zygmund operators T on R n x R m , 
whose kernel K is a continuous function on (R n x M n x R m x R m ) \{(xi, y x , x 2 , y 2 ) : xi = 
yi or x 2 = y 2 } and satisfies that there exist positive constants C and e x , e 2 G (0, 1] such 
that 

(Kl) for all xi / y x and x 2 / y 2 , 

1 1 

|i^(xi, yi, x 2 , ?/2)| < C- 



»i - v\\ n F2 -y2| m 



(K2) for all Xi / yi, x 2 / y 2 , z x G M n and \y x - z x \ < \x x - y x \/2, 

|yi-^il ei 1 



\K(x x , yi, x 2 , y 2 ) - ^(zi, Zi, x 2 , y 2 )| < C- 



Fi - yir +ei F2 - y2| m ' 

(K3) for all x x / y x , x 2 + y 2 , z 2 G R m and |y 2 - z 2 \ < |x 2 - y 2 |/2, 

1 1 2/2 - z 2 \ t2 



\K(x x , yi, x 2 , 2/2) - ^(zi, yi, »2, z 2 )\ < C- 



a?i - yi| n |x2 - y 2 | m+£2 ' 



(K4) for all xi / y x , x 2 / y 2 , n G R n , z 2 G R m , \y x - z x \ < \x x - y x \/2 and |y 2 - z 2 \ < 
\x 2 - y 2 \/2, 



\[K(x x , yi, x 2 , y 2 ) - K(x x , z x , x 2 , y 2 )] - [K(x x , y x , x 2 , z 2 ) - zi, x 2 , z 2 )]| 
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The minimal constant C satisfying (Kl) through (K4) is denoted by ||-K"||. 

Let ai, «2 e (0, 1], b G Lip (ai, 02; R n x R m ) and T be any Calderon-Zygmund oper- 
ator with kernel K satisfying the above conditions from (Kl) to (K4). For any suitable 
function / and (xi,x 2 ) G R n x IR m , define the commutator [b, T] by 

(1.3) [h, T](f)( Xl , x 2 ) = [ K{x u yi, x 2 , m) 

x[b(x 1 , x 2 ) - b(xi, j/2 ) - %i, 2:2) + 2/2)]/(yi, V2)dyidy 2 . 

The following result gives the boundedness of the commutator [b, T] on Lebesgue 
spaces. 

Theorem 1.2. Zei ei, 62, 0:1,012 G (0, 1], ai/n = u 2 /m, p G (1, n/ai) anc? 1/q = 1/p — 
OL\jn. Let b G Lip(ai, 02; ^ n x lR m ), T be a Calderon-Zygmund operator whose kernel 
K satisfies the conditions from (Kl) to (K4), and [b, T] be the commutator as in (1.3). 
Then there exists a positive constant C independent of \\b\\ Lip(ai,a 2 ;M™xlR m ) an d \\K\\ such 
that for all f G L p (R n x R m ), 

? 1 ](/)||l«(R"xR'™) < C||-^llll^ll Lip(Qi,Q 2 ;IR n xR m )ll/llLP(R"xR m )- 

Here is another main result of this paper, whose proof depends on Corollary 1.1. 

Theorem 1.3. Let < a x < min{n/2, 1} ; 01/n = a 2 /m, ei, e 2 G (0, 1], 

(1.4) max{n/ (n + ei), n/(n + a±), m/(m + €2), m/{m + a 2 )} < p < 1 

and 1/q = 1/p — a\/n. Assume that b G Lip(oi, a 2 ; M. n x R m ). Let T be a Calderon- 
Zygmund operator whose kernel K satisfies the conditions (Kl) through (K4), and [b, T] 
be the commutator defined in (1.3). Then there exists a positive constant C independent 
o/||b||Lip(ai,a 2 ;M«xR'») and \\K\\ such that for all f G H p (R n x R m ), 

\\[b, T](f)\\ Lq (^n xK m^ < C||if||||6|| Lip(ai,o 2 ;K n xR m )ll/llHP(R™xR m )- 

The proofs of Theorem 1.2 and Theorem 1.3 are presented in Section 3. 

We finally make some conventions. Throughout this paper, let N = {1, 2, •••} and 
Z + = NU {0}. We always use C to denote a positive constant that is independent of main 
parameters involved but whose value may differ from line to line. We use f<g to denote 
/ < Cg and / ~ g to denote f<g<f. 
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2. Proofs of Theorem 1.1 and Corollary 1.1 

As a matter of convenience, in this section, we denote n and m, respectively, by n\ 
and n 2 . For i = 1, 2 and Sj G Z + , denote by P Si (M ni ) the set of all smooth functions 
with compact support and vanishing moments up to order Sj. Then there exist functions 
V> W G P Si (M n< ) and <pW G S(IR n *) such that 

(i) suppV (i) C BW(0, 1), > and V W (6) >\'^\< 161 < 2, where and in what 
follows BW(0, n) = { Xi G : |a:»| < ri} and denotes the Fourier transform of ^W; 

(ii) supp^W C {& G M ni : 1/2 < |&| < 2} and tp® > 0; 

(hi) sup{y>W(£j) : 3/5 < < 5/3} > C for some positive constant C; 

(iv) / °° J«(t i &)J(*)(t i &) f = 1 for all £ G M ni \ {0}. 
Such and y>W can be constructed by a slight modification of Lemma (1.2) of [14]; 
see also Lemma (5.12) in [14] for a discrete variant. Then by an argument similar to 
the proofs of Theorem (1.3) and Theorem 1 in Appendix of [14], we have that for all 
/ G S(R ni x W 12 ) and {x 1 ,x 2 ) G R ni x R n2 , 

poo rco ^ ^ 

(2-1) f(xi,x 2 )= / (ih 1 ,ta*VHi,t2*f)(xi,x 2 )-r^-r^ 

JO JO *1 *2 

in both L 2 (R ni x R U2 ) and pointwise, where and in what follows, for any i = 1, 2, 

#W G S(M n< ), JC» G ^ and t» G (0, oo), we always let <${xi) = t~ ni <j)^ {t' 1 x^ and 
(/>t 1 ,t 2 (x 1 ,x 2 ) = <f>ll\x 1 )<f>^\x 2 ). For any set E C {R n x M m ), set E C = (R n x R m ) \ E. 

Lemma 2.1. Let Sj G Z +; G £> Si (IR ni ) and G 5(M ni ) satisfy the above conditions 
(i) through (iv), where i = 1,2. Let < &i < o\ < Hi + Sj + 1 for i = 1,2. Then for any 
f G V Sl ^ S2 (R ni x R n2 ), there exists a positive constant C such that for all e±, e 2 G (0, 1) 
and L\,L 2 G (1, oo), 

SUp (1 + |X1|) CT1 (1 + |X2|) <T2 

(si,x 2 )eR"i Xl™2 




K^i.ta * /)(S/1> 2/2)1 



xl^ti.ta^i - 2/1) ^2 - 2/2)1 dyidy 2 - — — 

Cl *2 



< C [ei + e 2 + (Li) c71_ni_ ' si_1 + (La)"™-' 2 " 1 ] , 



(2.2) 



sup (l + ixiirHi + Hr 

(xi,x 2 )eR"l xK"2 

/•Ll >>oo p 

X / / / p KVti.fa */)(l/l> 2/2)| 

JO JO J[S( 1 )(0,2Li)] c xR™2 

x|^ 1)t2 (xi - yi ,x 2 - 2/2)1 dyi djtef^ < C^)^ 
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and (2.2) with L\, o~\, n±, si and replaced, respectively, by L 2 , cr 2 , n2, S2 and B^ 2 \ 

In order to prove Lemma 2.1, we need the following technical lemma. For i = 1, 2, 
m > 0, let 

S Ut {R n >) = {<peS{R n >) : [ <p( Xi )xf dxi = 0, \a\ < vA . 

I JW. n i J 

For any s±, s 2 G Z_i = NU{0, -1}, we denote by 5 Sl)S2 (]R ni x R™ 2 ) the space of functions 
in 5(M ni x M. U2 ) with the vanishing moments up to order s\ in the first variable and order 
S2 in the second variable, where we say that / G <S(M ni x R n2 ) has vanishing moments up 
to order —1 in the first or second variable, if / has no vanishing moment with respect to 
that variable. 

Lemma 2.2. Let Sj G Z_i, G Z_i, CTi G [0, 00) and G 5 Ui (M ni ) for i = 1, 2. For 
any / G 5 SljS2 (IR rai x R™ 2 ), i/iere existe a positive constant C such that 

(i) if ui > -I, then for all ti G (0, 1] and (xi, x 2 ) G R™ 1 x I" 2 , 

\(<Ptl ] *1 /)(*!, X 2 )| < C^ 1+1 (l + \X1\)-^(1 + |X 2 |)- CT2 , 

w/iere and in what follows (ip^ *i /)(xi, x 2 ) = / r , ^(yi)/^ - yi, x 2 ) dyi; 
(m,) i/si > -1, i/ien /or a// i x G [1, 00) and (xi, x 2 ) G R™ 1 x W 12 , 

\(<P% *i /)(*i> ^)| < Ct^ 1 ' 31 - 1 (l + ^) ^ (1 + H 

(Hi) ifm, u 2 > -1, i/ten /or a// ii, i 2 G (0, 1] and (xi, x 2 ) G R™ 1 x R n2 ; 

|(^ lit2 * /)(X!, x 2 )| < Ct? +1 t? +1 (l + 1X11)^(1 + |x 2 |)- ff2 ; 

(iv) ifui, S2 > —1, then for allt\ G (0, 1], i 2 G [1, 00) and (xi, x 2 ) G R™ 1 x 

\(<p tl , t2 * x 2 )i < ctr +i t 2 -" 2 - s2 - i (i + (1 + ^) 

(V i/si, n 2 > -I, then for all ti G [1, 00), t 2 G (0, 1] and (xi, x 2 ) G R ni x W 12 , 
\(<Pt 1>ta * x 2 )| < Ctp 2 - 2 - 1 ^-^ 1 (l + 1^1) " (1 + |x 2 |)- 2 ; 

(w,) i/si, s 2 > -1, then for all t\, t 2 G [1, 00) and (xi, x 2 ) G R™ 1 x R n2 , 

|(^ lit2 */)(x 1 ,x 2 )|<Ct^ Sl -V 2 ^ 1 (l + ^) + " 



-CTl 



-<T 2 
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Proof. To prove Lemma 2.2, we use some ideas in the proofs of Lemma 2 and Lemma 4 
in Appendix (III) of [14]. 

To prove (i), by J Rni tp^ (xi)xf dx\ = for |a| < u±, we have 



{ft! *i f)(xi, x 2 ) = / <pi?(yi) 



f(xi - yi, x 2 ) - ■^Vi( D if)( x i> x ?) 



\l\<ui 



dyi 



-J 



|<|xi|/2 



f(x 1 -y 1 , x 2 ) - ^yi( D lf)( x ii x 2) 



|t|<ui 



/ 



+ 

'|j/l|>Nl|/2 
= h + h- 

For the estimation of I±, noticing that |xi|/2 < \x\ — z\\ < 2\xi\ for \z±\ < \x±\/2, by 
1 2/1 1 < \xi |/2 and the mean value theorem, we obtain 



(2.3) 



f(xi - 2/1, x 2 ) - ^yi(. D V)( x ii x 2) 



= sup sup \(Djf)(x 1 -z 1 ,x 2 )\\y 1 r +1 

|7|=ui+l |«i|<|xi— 

<\yi\ ui+1 sup (i + |xi-z 1 |)- CT1 (i + k2|)" <72 

|*l|<|*l|/2 

<i2/ir i+i (i + kii)~ ,Ti (i + k2i)- <T2 , 

where 7 = ( 7 i, ■ ■ ■ , 7m) € a* = (x], • • • , x? 1 ) and D 7 = (^t)T 1 • • • (^r) 7 ^- This 



leads to that 



I'll <(l + Mr*(l + |s 2 |r* / \y 1 r +1 \4l\y 1 )\dy 1 

^|»l|<|xi|/2 

<^ i+i (i + \ Xl \r^(i + \ X2 \)-^ I i2/ir i+ v (1) (yi)i d V1 

JR n l 

<^ +1 (l + |xi|)- CT1 (l + k2|)- <72 . 

To estimate -Z2, similarly to (2.3), we have 

f(xi - 2/i, x 2 ) - Y —yi( D if)( x i> x i) 



(2.4) 



|7|<si 



<i2/ir +1 (i + Hr CT2 . 



If \xi\ > 1 and cri > 0, by (xi)" 1 < 2(1 + (xil)" 1 and (2.4), for all ti € (0, 1], we have 
\h\ <(1 + |X2|)- CT2 / \vi\ ui+1 \<p£(vi)\dyi 

^|j/l|>|xi|/2 
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l2/l|>M/(2tl 
oo 



bir i+ V (1) (yi)l^i 



<(i + ix 2 |)--tr +1 / 

<^ +1 (l + |x 2 |)- CT2 / 

J\x 1 \/(2t 1 ) 

<tr +i (i+ix 1 |)-^(i + Ni)- CT2 . 

If |xi| < 1 or a 1 = 0, by (2.4), 

|/ 2 |<tr +1 (i + \x 2 \)-°i ! ^i<*i 1+1 (i + N)- ffl (i + Hr CT2 . 

JIR n i 



Thus combining the estimations for 7i and 7 2 yields (i). 



To prove (ii), since tpM G 5 (M ni ) and / G 5. 
(Vt? *i /X^i, x z) 

vffdfc)- E i(w-^i) 7 P7#)(^i) 



ni xK" 2 ), we have 



|7|<si 



f(xi - 2/1, x 2 )dyi 



+1 



/(xi - yi, x 2 )dyi 



l^l— J/i|>|xi|/2 
= Ji + J 2 . 

On the estimation for J\ , notice that if | z\ \ < \x±— yi\ < |xi|/2, then |xi|/2 < \xi— z±\ < 
2|xi|. By this and ip^ € <S (M ni ), w e have 



|7|<si 



< snp snp |(7^ ) )(*i-zi)||*i-yir +1 

|-y|=si+l |zi|<|xi— j/i| 



<*1 



m— si— 1 



sup [ 1 + 

|2l|<|xi— J/1 1 



-<T1 



\xi-yi\ Sl+1 



— m— si— 1 1 1 1 1^1 



1+^) i*i-yir +j 



Thus, applying 

(2.5) - Vl , x 2 )|<(l + |x! - yi|)- ni - Sl - 2 (l + |x 2 |)- CT2 , 

we further have 

1*1 ^r--'(i + N)-/ ri ?IT ^S^ ^ 
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Til — SI — 1 



1 + 



\Xl\ 

h 



-<j\ 



(l + |x 2 | 



-(7 2 



To estimate J 2 , if \x\\ > 1 and o\ > 0, using an estimate similar to (2.5) and the estimation 
that 



ni — si — 1 



\xi -2/1 1 



si+l 



we obtain 



\H < I 

J\yi 



|«i - 2/i I 



Sl + l 



|2/i-j;i|>|xi|/2 



<tr ni ~ sl_1 (i + k2i)- <72 / rr i_1 dn 



— "1— S2 — 1 



(1 + |ari|)-^(l + |ar2| 



where in the last step, we used the fact that |xi| CT1 <(1 + |xi|/ii) CTl for ii > 1. If \x\\ < 1 
or (Ti = 0, by (2.5), we then have 



ij 2 | <a + nr^r 1-51-1 / 

j 



OO „"1+Sl 

"1 



(1 _|_ ri ^ni+si+2 



Til— Sl — 1 



1 + 



Pi I 

h 



(i + H) 



-<T2 



This gives (ii). 

To prove (hi), by an argument similar to (i), we obtain that for all t 2 £ (0, 1], 



(2.6) 



|fo>g> * 2 /)(*!, x 2 )|<^ +1 (l + |xi|)-«(l + |x 2 |)"-, 



2+1 



where and in what follows (tp[f * 2 /)(xi, x 2 ) = f R n 2 Ptf (U2)f{xi, x 2 - 2/2) */ 2 . Thus, if 
\yi\ < \xi\/2, then by the mean value theorem, (2.6) and the fact that \x\ — z±\ ~ |a?i| for 
\zi\ < l x i|/2, we have 



(2.7) 



(</4 2) *2 - Vl> X 2) - E -^l) 7 ^!^ *2 /)(X1, X 2 ) 



|tI<«i 



<M U1+1 sup sup |(^ 2 2) * 2 (D7/))(xi-zi, rc 2 )| 

|7|=«l+l |«i|<|xi|/2 

<^+ 1 |2 /1 |« 1 + 1 (l + |x 1 |)-^(l + k2|)- CT2 . 



If I2/1I > by the mean value theorem and (2.6), we then have 
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(2.8) 



(<Pt? *2f)(xi -2/1, x 2 ) - ~W _x i) 7 '9i(^ ) *2 /)(xi, x 2 ) 



|7|<si 



<C +1 |yir +1 (l + |x 2 |)-^. 



Noticing that 

(2-9) (¥> tl>ta * f)(x!, x 2 ) = (ip^ *1 (^f *2 /))(^l, S2), 

replacing (2.3) and (2.4) respectively by (2.7) and (2.8), and repeating the proof of (i), we 
obtain (hi). 

For (v), by (2.6), we have 

Kvi 2) * 2 mx! - yu x 2 )\<t u 2 * + \i + \x 2 \r°ni + \ Xl - yi \y n ^- 2 

for all t 2 G (0, 1]. Replacing (2.5) by this estimate, using (2.9) and repeating the proof of 
(ii) lead to (v). A similar argument to (v) yields (iv). 

To obtain (vi), by an argument similar to (ii), we obtain 



Kv4 2) * 2 /xm - yi, x 2 )\<t 2 n ^-\i + i*i - yi \y n ^- 2 \l + ^ 

for all t 2 G [1, oo). Replacing (2.5) by this, using (2.9) and repeating the proof of (ii) leads 
to (vi). This finishes the proof of Lemma 2.2. 

Proof of Lemma 2.1. Let e\ G (0, 1). Notice that for all t\ G (0, oo), \y\\ < t\ and 
x G M. ni , we have t\ + \x\\ < 2{t\ + \x\ — y±\). By this and Lemma 2.2 (hi) and (iv) , we 
have that for any t\ G (0,ei), t 2 G (0, 1), \yi\ < ti, \y 2 \ < t 2 and (xi, x 2 ) G W 11 x R n ' 2 , 

(2.10) \{ip tl , t2 * f){ Xl - yi, x 2 - y 2 )\<tMl + + H)^ 2 , 

and that for any t\ G (0,ei], t 2 G [l,oo), |yi| < h, \y 2 \ < t 2 and (xi, x 2 ) G W 11 x M n2 , 

(2.11) |(^ 1)t2 * /)(xi - yi, x 2 - y 2 )|<ti4 2_n2 ^ 2_1 (l + M) _<Tl (l + H)^ 2 - 
From this and a 2 < n 2 + s 2 + 1, it follows that 

sup (i + |xi|r(i + k 2 |r / / / h/> tl ,t 2 (yi,y 2 )l 

(xi,x 2 )eiK n i xi"2 jo jo 



x|(^ti,t2 */)(»! x 2 -y 2 )\dyidy 2 



dti dt 2 



< 



/ / / i z f n 2+S2+ 2-a 2 IvtiMvu y*)\ d yi dy* dt ^ dt * 

JO JO JR n ixR n 2 1 + I 2 2 2 
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Let L\ > 1. By Lemma 2.1 (v) and (vi), we have that for any t\ G (Li, oo), i 2 G (0, 1), 
M < h, foal < *2 and (xi, x 2 ) G x K™ 2 , 

(2.12) |(^ 1)ta * - j/i, * 2 - Ste)|<tr~ m ~* 1_1 *2(l + + k 2 |)- CT2 , 
and that for any t\ G (Li, oo), i 2 G [1, oo), |yi| < fi, |y 2 | < ti and (xi, x 2 ) G M ni x 

(2.13) |(^, t2 * /)(*! - yi , X 2 - y2)|<tr _ " 1 " Sl " 1 *2 2 ~" 2 ~ S2_1 (l + + N) 

From this, (2.12), a\ < n\ + si + 1 and 02 < ^2 + $2 + 1? ft follows that 

/'OO /"OO /* 

sup (l + |xi|r(l + |x 2 |r / / / |^ llt2 (yi, y 2 )| 
x|(^i,ta * f)( x i ~ 2/1. X2-V2)\dyi dy 2 dtl ^ 




|^i,t 2 (yii y2)\dyidy 2 



dt\ dt2 



'Li io Jl"ixl"2 V 1 + *2 



<(^l) 



(ti— m— si— l 



Using the symmetry, we then obtain the desired estimates for the cases e 2 G (0, 1), L 2 G 
(1, oo), (ti, i 2 ) G (0, oo) x (0, e 2 ) or (ti, t 2 ) G (0, oo) x (L 2 , oo), which gives the first 
inequality of Lemma 2.1. 

To prove (2.2), notice that if \y\\ > 2L\ > 2 and \x\ — y\\ < t\ < L\, we have \x\\ > 
1 2/1 1 — \x\ — 2/1 1 > Li. Then by (2.10) through (2.13) with oi replaced by a[ G (<Jj, ni— Si — 1), 
we have 

/•Ll >>oo /• 

SUp (l + \ Xl \r(l + \x 2 \r / / / Kffti.ta 2/2)1 

(3ii,i2)eR ni xM"2 JO ■/ J[S( 1 )(0,2Li)] c xR n 2 

x IV 7 *!, t 2 (^i - Vi, x 2 - y 2 )| dy 1 dy 2 ^p-^P L 

ti *2 

/*oo roo r 

< sup (i + + \x 2 \r~^ / / / i^ 1)t2 (yi, 2/2)1 

|xi|>Li,a;2eM n 2 JO JO JR n i xl™2 

X 1+ri 1 , 1+ 2-< 1 + t n 2 -s 2+2 -^ ^ ^ ^ 
<(^l) <Tl - <T ' 1 , 

which gives (2.2) and hence completes the proof of Lemma 2.1. 

Let p G (0, 1], Si > [n»(Vl> - 1)J and 99 G S Sl (K n *) such that (2.1) holds for i = 1, 2. 
For / G S'(M ni x W 12 ) and (xi,x 2 ) G R ni x M n2 , we define 

S{f)(xi, x 2 ) 
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(/•oo roo f f dt dt 

/ / / / IGftifa *f)(vi, y2)\ 2 d yi dy 2 l +l 2 

JO JO J|j/i-a;i|<ti J\y2-x 2 \<t 2 ^\ ^ 



1/2 



It is well-known that / G HP(R ni x W 1 ' 2 ) if and only if / G S'(R ni x M™ 2 ) and 5(/) G 
L^M™ 1 xP). Moreover, 

ll/llffP(R n i xR"2) ~ ||5'(/)||LP(K n i xB"2)i 

see [3, 4, 5, 10]. Using this fact, Lemma 2.1 and some ideas from [3, 4, 5, 10], we obtain 
the following conclusion. 

Lemma 2.3. Let p G (0, 1], > [ni(l/p — 1)J and Oi £ (max{rij + Sj, rii/p}, ni + Si + 
1) /or z = 1, 2. T/ien /or any / G 2? SljS2 (IR ni x M n2 ) ; i/iere exist numbers {\k}k&% C 
C and (p, 2, si, S2)-atoms {ak}k&n C D Sl , S2 (M™ 1 x M™ 2 ) stic/i i/iai / = X^fceN^ a ^ * n 
(R ni x W 1 ' 2 ) and {J2ken l A fc| p } 1/P < C||/|| ^p(rixR"2), w/iere C is a positive 
constant independent of f . 

Proof. We use 1Z to denote the set of all dyadic rectangles in W 11 x IR™ 2 . For k G Z, let 
^fc = {(xi, x 2 ) G R ni x MJ 1 ' 2 : 5(/)(x 1 , x 2 ) > 2 k } 

and 

^ = {(xi, x 2 ) G M ni x IT 2 : M s ( Xnfc )(zi, x 2 ) > 1/2}, 

where M s denotes the strong maximal operator on M™ 1 x MJ 12 . It is easy to see that is 
bounded set. In fact, observing that 1 + |xj| < U + \xi\ ~ U + \yi\ for |xj — yi\ < U and 
U > 1, by Lemma 2.2 and rii + Sj + 1 — o~i > 0, we have 



[5(/)(X!, X 2 )] 



2 



< 



III I (l + \Vi\)-^{l + \V2\)-^d yi dy 2 d ^ 

JO JO J|j/i-xi|<ti J\V2-X 2 \<t2 l l l 2 

+/77 , / , (i+^-^d+w)- 1 "*!*,;,^^ 

JO 7l y^-xiKt! ^|y 2 -x 2 |<t2 *2 *1 * 2 

+ rr) [ (i+^r^(i+w^d yi d y2 

Jl Jl J\yi-xi\<ti J\m-X2\<t2 l l r 2 



X • 



' |yi— Xl|«l J\l/2-X2\<t2 

dt± dt2 



,2ni+si+2 .3n 2 +2s 2 +3 
<(l + \ Xl \)-^(l + \ X2 \)-^ 2 . 

Thus for any k G Z, fi*. is a bounded set in ]R rai x IR™ 2 and so is Q^. 
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For each dyadic rectangle R = I x J, set 
A(R) = {(yi,y 2 ,h, t 2 ) : {yi, y 2 ) G i?, v^TI^I < *i < VnTI J l> v^l^l < *2 < 2y/n^\J\}, 
and 

n k = {R £ n ■. \r n n fc | > 1/2, |i? n n fc+ i| < 1/2} . 

Obviously, for each R G 7£, there exists a unique G Z such that R £TZ k - 
From (2.1), for any (xi, x 2 ) G K™ 1 x R n ' 2 , it is easy to see that 

f(xi, x 2 ) = V < V / V^i.taC^i — 3/i» ^2 — 3te)(<^ti,t2 * /)(l/i> 3/2>dj/i ? ■ 

Let A fe = £2 fc |fi fc | 1 / p and 

a>k(xi, x 2 ) = X k 1 V / i>ti,t 2 (xi -yi, x 2 - y 2 )(^ tl ,t 2 * f)(yi, y 2 ) dyi dy 2 ^^p- , 
^7, J Aim *i % i 



Ren k 



where C is a positive constant. By the argument used in [3, 4, 5, 10], we see that if we 
suitably choose the constant C, then {a k }kez are (p, 2, s±, S2)-atoms and 



is bounded, we may assume that Q k C 5^(0, 2 Ll ) x B( 2 )(0, 2 L2 ). Then for any a G Z+ 1 



dt\ dt 2 
'2- 



|HP(R"i xR n 2)- 

It remains to prove that / = X^fcgz Afcafc converges in V sl>S2;ai:0 - 2 (W 11 x R n2 ). Since Q, k 
ve may assume that f 
and /3 G Z™ 2 , by Lemma 2.2, we have 

E / \{d" 1 d^ tl ,t 2 )(x 1 -y 1 , x 2 -y 2 )\(ip tl ,t 2 * f){yi,y2)\dy 1 dy 2 , 

$ E / l(yti,« 3 * <foi ^ + fl| +m ,i + ^i + n 2 

</ / / / dtidt 2 dy l dy 2 < 00, 

JB( 1 )(0,2 i 2) J_B(2)(o,2 L 2) JO JO 

where (xi, X2) G ft k . This shows that G D SljS2i(Jli(72 (]R ril x l" 2 ). Moreover, assume 
that supp/ C BW(0,n) x B^(0,r 2 ). For any AT, > 1 + logr; with i = 1, 2, let 

£jvi,jv 2 = ^ {1) (0, 2 Wl ) x 5^(0, 2^) x [2-^, 2 Wl ] x [2"^, 2^]. 

Then there exist finite dyadic rectangles R, whose set is denoted by TZ Nl ' N2 , such that 
A(R) n E NljN , 2 / 0. For each R £ TZ Nl ' N2 , there exists a unique k G Z such that i? G n fc . 
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Let -KjVi, at 2 be the maximal integer of the absolute values of all such k. Then for K > 
Kn!,n 2 , by the facts TZ Nl ' N2 c U|fc|<x^-fc and Lemma 2.1 together with crj < o\ < ni+si+l 
for i = 1, 2, we then have 



\k\<K 



< sup {i + \ Xl \y{i + \x 2 \y* 

{x 1 ,x 2 )&J 1 ^ Xl"2 

t>2~ N t />oo roo roo roo p2~ N 2 roo roo 

X 



rz i roo roo roo roo rz ^ roo roo \ r 

/ / +//+/ / +// / l(^,t 2 */)(yi, 2/2)1 

^JO JO J2 N l JO JO JO JO J2 N 2 J JR"i xl"2 

xbti^Oci -2/1. x 2 - y2)\ dy± dy 2 ^ L ^p L + sup (1 + |xi|) ,Tl (1 + \x 2 \) a2 

l l l 2 (xL^jgn XR"2 

/•2 Ar l />oo /• 

A-^i jo J\i 



Ifatl.fa * f)(Vl, 2/2)| 



[B( 1 )(0,2 Ar i)] c xR™2 

x\^t u t 2 (xi - yi, x 2 - 2/2)1 dyi dy2^p-^p- + sup (1 + |xi|) CT1 (1 + \x 2 \) a2 

l i l 2 (xi,i 2 )ei"ixi"2 

roo r2 N 2 

70 72-^2 JM«ix[B( 2 ) (0,2^2 )]C 

x|^ l5 t 2 (xi - yi, x 2 - y 2 )| dyi dy 2 ^p-^p- 

tl 12 

<2~ Nl + 2~ Nz + 2 iVl ( cri_0 "i) + 2 N2 ^ 2 ~ a '^ 
This implies the desired conclusion and hence, finishes the proof of Lemma 2.3. 



The following result plays a key role in the proof of Theorem 1.2. In what follows, for 

any / G P(lR ril xi" 2 ), we set 

sup diam ( supp /(•, x 2 )) = sup {|xi - y±\ : f(xi, x 2 ) ^ 0, /(yi, x 2 ) ^ 0} , 

a; 2 GlR n 2 xi,yieM n l,a;2e]R* l 2 

and sup xlgK ni diam ( supp /(xi, •)) is similarly defined by interchanging x\ and X2, and yi 
and y 2 . 

Lemma 2.4. Ze£ p G (0, 1], q G \p, 1] and B q be a q- quasi- Banach space. Let s±, S2 G Z + 
and T be a B q -sublinear operator from T> SltS2 (M ni x M™ 2 ) to B q . If there exists a positive 
constant C such that for any f G T>, 



S1,S2\ 



-1 m/p 



sup diam ( supp /(-, x 2 )) 

.x 2 Gffi™2 

sup diam ( supp f(x±, ■)) 



n 2 /p 



L°°(R n i xl"2), 
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then T can be extended as a bounded B q -sublinear operator from £> Sl)S2;(Jli(J2 (R ni x R™ 2 ) 
to B q . 

Proof. Let ip G C°°(R) such that < ip(x) < 1 for all x G R, V(x) = 1 if |x| < 1/2 and 
V>(x) = if \x\ > 1. Let 0(x) = ip{x/2) - ip(x) for all x G R. Then supp</> C {x G R : 
1/2 < \x\ < 2} and J2 jeZ H 2 ~ j x ) = 1 for all x G R \ {0}. Let &j(x) = <f>{2~^x) for all 
x G R and j G N, and $ (x) = 1 - Ejli 0(2~ J 'x) for all x G R. Then £ jeZ+ = 1 

for all x G R. 

Let i = 1, 2. For j, t G and x; G R™ 1 , let $-f(xj) = ®ji(\xi\). Then for all x% G R n % 
we have £ jieZ+ ^f(^) = 1- Set Rf = B®(0, 2) and = { Xi G R n * : < \ Xi \ < 

2^+1} for ^ G N. Then supp*^ C for ji G Z+. For # G Z+, let {Y^ a . : H < 
Si} C C°°(R n ) be the dual basis of {xf : < with respect to weight ^l-R^I -1 , 
namely, for all cnj, G Z + with |aj| < Sj and < Sj, 

k / . xf^f^)^?^)^ = <5 QjA . 



Let = l-^jfrVjfa^i?- Then for i» G N and aft G w e have 

1^0*) = 2-^- 1 )( B *+l°'l)^ ai (2-^- 1 )x i ). 
From this, it is easy to see that for all ji G Z + and \a.i\ < s, 

(2-14) ll^i! a JlL-(R^)^ 2 " jlK+|a8l) - 

For / G P Sli s 2 (R ni x R™ 2 ), assume that supp/ C BW(0, 2 fcl ) x #( 2 )(0, 2 fca ) for some 
fci, fc 2 G Nand ||/||u s1 , S2;o . 1 , <T2 (r™ixR"2) = 1 by the £>q-sublinear property of T. For ji, j 2 G 
Z+, we set f jlj2 = f$f^f 2 \ and for any (x u x 2 ) G R ni x 



|ai|<si 



|a2|<S2 

and 



P jlii2 (xi, x 2 ) = ^ Ql (xi)^ Q2 (x 2 ) / fh,3^y^vTvT dyidy 2 . 



|ai|<si |» 2 |<S2 

Then 

fci+ifc 2 +i 



^ ~ (/j'i.J2 -fji.ia ^J'i,j2 + ^Ji.J'a) 



ii=0 j 2 =0 
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fcl+l k 2 +l 



31=0 j' 2 =0 



fcl+l k 2 +l 

+ E E (rSS* - + E E - + E E n 

j 1= 0j 2 =0 



fel+l fc2 + l 



jl=0 J2=0 



By the definition of P sii . 



x M™ 2 ), it is easy to see that 



(2-15) ll/ji,j2llL 00 (M™ix]R™2)^2 n<Tl 2 32(72 . 



(i) 

Using W&j. \\L°o(R n i) < 1, we obtain 



(2.16) 

(2.17) 

and 

(2.18) 



/ fhjii.-, y2)y? dy 2 



<2Ji( n i+l a il _CT i)2 _ "' 2Cr2 



<2~J ,1CT1 2J ,2 ( n2 +l a2 l _0 " 2 ) 



/ 



fh,32(yi, V2)yi 1 yT dyidy 2 



'R n l xl™2 

By the estimates (2.14) through (2.18), we have 



<2Ji( n i+l a iK°"i)2-' 2 ( ra2+ l Q2 l _<T2 ). 



f p(l) p(2) _,_ p 

./ jl , 31 r ji , 32 r h , 32 ~ TJr 3l, 32 



Since f juh - P^-P^ + P^ g P Sl>S2 (R^ 
we then have 



L°°(R n i xl™2) 

x IR™ 2 ) , by the assumption of the lemma, 



(f ■ -P {1) -P {2) +P ■) 

yj3l,32 r h,j2 r h,32 ^ ^31,32 J 

and hence, by U{ > rii/p for i = 1, 2, 



<2ii( n i/p _CT i)2J ,2 ( n2 /p _cr2 ) 



(2.19) 



< 



fci+i fc 2 +i 

Wfr • -p (2) +p • 

2^ 2-> ^J1'J2 ^1,J2 ^31,32^ ^n, 32 
31=0 32=0 

fci+lfc 2 +l I 

2 Ji9 ( rai / p_<Ti )2 J,29( ' ra2//:p ~ cr2 - ) > < i 

jl=0 J2=0 



Moreover, we write 
fei+ife 2 +i 

EE 

31=0 32=0 
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fcl+1 k 2 + l fcl+1 r „ 



|"2|<S2 

fcl+1 fe2 + l fcl + 1 

E E EE E ^oi.Ji^i.JaOsi. X 2)- 
|ai|<si ii=l j2=0 ^i=ii 



By (2.14), (2.15) and (2.18), we have 



\\A 



Cei,jl,£l,j2 llL°°(R"l xR™2) 



<2 _ ii( n i+l Q il)2^ 1 ( ni +l Ql l~°" 1 )2~ : ' 2Cr2 



Noticing that ^-ai,ji,ei,j 2 e Asi^Q^™ 1 x ^™ 2 )> by the assumption of the lemma, we obtain 

||T(^4 a j e 32)\\ & <2 J1 (™ 1 / p_ ™ 1 ~' ai ^2^ 1 ^™ 1+ ' ai ' _0 " 1 ^2 JI2 ^ n2//p ~ cr2 \ 
Thus by dj £ (max{rij/p, rij + Sj}, nj + Sj + 1) for i = 1, 2, we further have 
fci+i fc 2 +i 



(2.20) 



E E ( P ii,i2 ^'i.J'a) 



Ji=0 32=0 

< < 



1/1 



^ fcl+1 fc 2 +l fcl+1 

2ji9(m/p-niHaii)2^i9( n i+l Q il- CT i)2J29(«2/p-o-2) ^ <i 

k |ai|<si ii =1 i2=0 ii=ji 



Similarly, by symmetry, we have 

fci+i fc 2 +i 



(2.21) 



E E ( p ; 

31=0 j 2 =0 



(2) _ p 
31,32 1 31 ,32 



<1. 



Finally, we write 
fci+i fc 2 +i 



fcl + 1 fc2 + l fcl + 1 fc2 + l 



E E - E E E E E E (*&.-*£'-.,«) 

Jl=0 j 2 =0 |ai|<Sl |»2|<S2 il =1 J2=l <l=jl ^2=J2 



(2) 



',(2) 



'32,a2 y 32 — ^-,0-2, , 

J JW 1 ! 7R n 2 

fcl + 1 fc'2 + 1 fcl+1 fc2 + l 

- E E EEE E 

■"■ai, ji,£i, a2, 32, &2 • 

|Ql|<Sl |a2|<S2 Jl=l J2 = l^l=jl l 2 =32 



From (2.14) and (2.17), it follows that 



\\A 



a.i,ji,ti,a.2,32,(.2 II L°°(IR n i xB"2) 



<2 _ -?i( ri i+l a il)2^ 1 (™ 1+ l ai l~ cri )2 _ - 72 ^ n2+ ' a2 ^2^ 2 ^ n2+ ' a2 ' _CT2 ^ 
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Since A Q , 1; j 1: e lja2: j 2 j 2 £ V Sl:S2 ( 



, by the assumption of the lemma, then 



\\T(A aitjuei] 



U2,32,t2J\\B a 



<2ii( n i/p _ ™i~l a il)2^ 1 ( ni+ l ai l _ °" 1 )2'' 2 '' n2 / p_n2_ ' a2 '- > 2^ 2( ' ri2+ ' a2 ' _cr2 - > 
Prom this and cr.; G (max{nj/p, rij + Sj}, rij + + 1) for i = 1, 2, it follows that 



fci+i fc 2 +i 

T I E E F « 

ii=o j2=o 



.12 



fei+1 fc 2 + l fel + 1 fe2 + l 

< ^ ^ ^ ^ ^ ^ 2 ^9( ni /P- ni -l ai l)2^' ?(ni+|ai|_ ' Tl) 

_ |ai|<si a 2 |<«2 il =1 J2=l ^l=jl ^2=J2 
; 2i29(™2/p-"2-|a2|)2^2l3(™2 + |a2|-o- 2 ) I <^ 



By this together with the estimates (2.19) through (2.21) and the i3 g -sublinear property 
of T, we obtain that WTfWB^WfWv^^^^w^ixR^), which implies that T is bounded 
from V SUS2;au(T2 (R ni x W 12 ) to B q . This finishes the proof of Lemma 2.4. 

Proof of Theorem 1.1. The necessity is obvious. In fact, if T extends to a bounded B q - 
sublinear operator from H p (M ni x IR™ 2 ) to B q , then for any (p, 2, s±, S2)-atom a, 

ll^ a lli3q^|| a ||//P(R n i xR n 2)<l- 



To prove the sufficiency, for any / £ T> siji 



let 



i\= sup diam ( supp /(•, X2)) 

:r 2 e]R n 2 

and £0 diam (supp/(xi, •)). Then there exists a positive constant C inde- 

pendent of / such that C , (^i) _ " l/:p (^2) _n2/:p ||/|lii( M n 1 xR n 2 )f is a (p> 2 > s i> s 2 )-atom, and 
thus, by the assumption of the theorem, 

nr/iie^^ir^^r^ii/iiLoc^xM^), 

which shows that T satisfies the assumptions of Lemma 2.4. For i = 1, 2, choose G 
(max{nj+Sj, rii/p}, nj+Sj+1). By Lemma 2.4, T is bounded from V Sl 



s2;o"i,o-2^ 



tO B a 



On the other hand, for any / G P Sl 



* 2 * 



, by Lemma 2.3, there exist num- 



bers {AjjjgN C C and (p, 2, si, s 2 )-atoms {a.,} jeN C £> SljS2 (IR ni x M™ 2 ) such that / 



S2\ <T1, 0"2 » 



R- 2 ) and {E je Nl^l P } 1/p <ll/ll^(R"ixM"2). From this 
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and Lemma 2.4, it follows that Tf = ^j^ a j m ®q- Thus Tf G £>g and by the 

monotonicity of the sequence space £ q , 



\\Tf\\ Bq < { 




This together with the density of V SUS2 (R ni x R n2 ) in H p (R ni x R n2 ) implies that T 
can be extended as a bounded £>,j-sublinear operator from H p (R ni x W 1 ' 2 ) to S ? , which 
completes the proof of Theorem 1.1. 

Using Theorem 1.1, we can now prove Corollary 1.1. 

Proof of Corollary 1.1. By Theorem 1.1, it suffices to prove that for all smooth atoms 
a, 1 1 T(a) || L 9o X R n 2)^l- To prove this, we follow the procedure used in the proof of 
Theorem 1 in [10] (see also [11]). Assume that a is a smooth (p, 2, s±, S2)-atom supported 
in open set Q. Let tt = {(x u x 2 ) G R ni x W 12 : M s {xn){x 1 , x 2 ) > 1/2} and 

= {(xi, x 2 ) G R ni x R n2 : M s { X ~)(xi, x 2 ) > 1/16}. 

Then |fi | + l^l^l^l- By the boundedness of T from L 2 (R ni x R n ' 2 ) to L qo (R ni x R n ' 2 ) 
and the Holder inequality, we have 

f \T(a)(x u x 2 )\U Xl dx 2 \ /q <{ ( \T(a)(x u x 2 )p dx 1 dx 2 \ ^ |n|V«-V«o 

^ll a llL 2 (R™ixR™2)|^| 1 ^ 1//2 ^1- 

We still need to prove that /(q \c I^X^X^i, a; 2)| <5 ' c^i ^2^1- Without loss of generality, 
we may assume that q < 1. The proof of the case g 6 (1,2) is similar and we omit the 
details. To this end, for each R G M(£l), assume that R = I x J. Denote by M^\fl) 
the set of all maximal subrectangles in the first direction in fl Let R = I x J G A^ 1 )^) 
and R = I x j G MW(fi), and define ft) = |/|/|/| and j 2 (R, Q) = \J\/\J\. Then 

16-R C VLq. Notice that by the Journe covering lemma (see [24]), for any fixed 5' > 0, we 
have 

(2.22) Y, hi(R,m- 5 '\R\<M 

and 

(2.23) n)]-*\R\<\n\. 
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Since q < 1, we write 

/ \T(a R )(xi, x 2 )\ q dxidx 2 

- ^2 \T(a R )(xi, x 2 )\ q dxi dx 2 

< V / \T(a R )(x 1 ,x 2 )\ q dx 1 dx 2 + V / 

fle^(n)' / C R " 1 \ 16/ )>< R " a KeA4(n) ^«ix(M"2\i6J) 

= Li+L 2 . 

Noticing that aij|i?| 1//2_1//p ||aij||^ 2 1 ( . Rni xR „ 2 ^ is a rectangle atom, we have 

/ \T(a R )( Xl , x 2 )\ q d Xl dx 2 <hi(R, m~ S \R\ 1 ~ q/q ° hR\\ 9 L 2 (Rni xM n 2) - 

J(R"i\167")xR m 2 v ; 

By l/g - l/q = 1/2 - 1/p and p < 1 and (2.22), we obtain 
^2 ll a -Rlli, 2 (R"i xM"2) 



x < 



1-9/2 

[ 7l (i?, ^)]-25/(2-?)| i? |[2( ( / ll - (/ . k„(2- ,)] ' 



<| n |?(l/2-l/p)| n |5(l/2-l/«) ( 



1-9/2 



2 [7i(^^)]- 25/(2 ^|i?l 

<| | ? (l/2-l/ 9 )| n |l- ? /2< L 

Similarly, by (2.23), we have L2<1. This finishes the proof of Corollary 1.1. 

3. Proofs of Theorem 1.2 and Theorem 1.3 

To prove Theorem 1.2, we recall the well-known boundedness of fractional integrals on 
R n ; see [25, p. 117]. 

Lemma 3.1. Let a G (0,1), p G (l,n/a) and l/q = 1/p — a/n. Let I a be the fractional 
integral operator on M. n defined by 



W)(*)= / | fiy L a dy 

Jr« \x - y\ n a 



for f G L^ oc (R Tt ) and x G W 1 . Then I a is bounded from L p (R n ) to L q (R n ), namely, there 
exists a positive constant C such that for all f G L p (W l ), 

H- f a(/)||L9(Rn) < C||/|| L p( R n). 
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Proof of Theorem 1.2. Since [b, T] is linear with respect to b and T, then it suffices to 
prove Theorem 1.2 for b € Lip(ai, a 2 ; ^ n X with ||6|| Lip(ai,a 2 ;R™xR m ) = 1 an d T 
with \\K\\ = 1. By (Kl) and Definition 1.4, we have 



|[6, T](f)( Xl , x 2 )\ < [ 



xRm |xi -yi| n " ai |x 2 -y2r- Q2 



1/(2/1, Vi)\dy\dy 2 



(i) 



4 2 2 } (|/|) (X1.X2 



where 1$ and are the fractional integral operators with respect to x\ or x 2 , respec- 



tively. By Lemma 3.1, for all / G 



n „ Tram 



), we have 



II [b, T](f)\\ 



Li(R n xR m ) 



< 



r (l) 



L9(l m ,dX2) 



L9(R",dxi) 



< 



^(l/l) 



L9(R m ,<ia! 2 ) 
LP(M"xIR m )) 



LP(R",dxi) 



where and in the sequel, we use || • ||Lp(R n ,dxi) an d || ■ \\Lp(R m ,dx 2 ) to denote the L p (IR ra )-norm 
with respect to the variable x\ and x 2 respectively. This finishes the proof of Theorem 
1.2. 



Proof of Theorem 1.3. Since [b, T] is linear with respect to b and T, then it suffices to 
prove Theorem 1.3 for b £ Lip(ai, a 2 ; M. n x R m ) with ||6|| Lip(ai,a 2 ;R n xR m ) = 1 an d T 
with 1 1 if 1 1 = 1. By Theorem 1.1 and Corollary 1.1, it suffices to prove that there exists a 
positive 5 such that for all rectangular (p, 2, s\, S2)- a toms a supported on R = / x J and 
7 > Smaxjn 1 / 2 , to 1 / 2 }, 

(3.1) / _ | [6, T](a)( Xl , x 2 )\idx 1 dx 2 < 1 - s . 

J(l"xl™)\JJ 7 

Without loss of generality, we may assume that R = I x J = [0, l] n x [0, l] m . In fact, if 
letting ^^^(xi, x 2 ) = i\ ai q a2 b(x\ + 4^1, x£ + £ 2 x 2 ), 

K x\,x\,wS?^ fi' X2 ' 2/ 2 ) = ti^Kixl + hxu x\ + t iyi ,xl+t 2 x 2 , x° 2 + hy 2 ) 

and Tx\,x%tx,t<2, De a Calderon-Zygmund operator with kernel A'j.o^o^^^ for some x° G 
M ra , x° € M" 1 and some £i, i 2 > 0, then it is easy to check that 

H^rrO^i^H Lip(ai,a 2 ;R"xR m ) = II H Lip (<*i , q 2 ; R" xR m ) = 1 

and x oj 1 j 2 also satisfies (Kl) through (K4) with \\K x o jX oj 1 ^ 2 \\ = \\K\\ = 1. Moreover, 
if let a be a rectangular (p, 2, si, ^-atom supported in R' = I' x J' = {x® + £\I} x {x° + 
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£2 J}, an< i a(x\, X2) = Pll\ n 'a(x\ +£1X1, x 2 + £2X2), then a is a rectangular (p, 2, s\, s 2 )- 
atom supported in R = [0, l] n x [0, l] m , where Xq + 1\I = {xj + ^ixi : x± e 1} and x 2 + ^ 2 J 
is similarly defined. By setting x\ = x ® + l%Xi and y'i = y® + hyi for i = 1, 2, we have 

[6, !T] (5X^,4) 
= / #0ci, yi, 4, y'2) 

x[6(xi, x 2 ) - b(x[, x' 2 ) - 6(yi, y 2 ) + b(y[, y 2 )]aVi, y'2) dy[ dy' 2 
= i°^- n i^- m / K x o e lth { Xl , yi ,x 2 , V2)[b x o x o e uh {xi, x 2 ) 

7R"xl m 

- h x\,x\,h,i-X x ^ y^)- b x° 1 ,x°,h,e 2 (y^^ x 2) +h 1 ,x 2 ,hj 2 (yi-' m)]a(yi, y2)dy 1 dy 2 
= t?- n t?- m [bx°,x°,euh' T x o tx02!hj2 }(a)( Xl , x 2 ), 

which together with 1/q = 1 — a±/n = 1 — a 2 /m yields 



/ _ |[6,r](a)(xi,rr , 2 )|«dxidx , 2 

= W / |[6,r](a)(xi, a / 2 )|«ciridx , 2 

J(R"xR m )\i? 7 

= / _ l[&x°,x°,^ 2 > ^.xS./i.faK )^!' X 2 )\ q d Xl dX2, 

J(R"xR m )\i? 7 

where -R' denotes the 7 fold enlargement of R'. Then by this, (1.3) and the facts that 
K x o x o g l2 and b x o x o g l2 satisfy the same conditions as K and b respectively, we may 
assume that R = I x J = [0, 1]" x [0, l] m . 

Let a be a rectangular (p, 2, s±, s 2 )-atom supported in R = I x J = [0, l] n x [0, l] m . 
Let 71 = Sn 1 / 2 , 7 2 = 8m 1 / 2 and 7 > max{7i, 7 2 }. Then 



/ _ I [6, T](a)(xi, x 2 )\ q d Xl dx2 

J(R"xR m )\_R 7 

<f I \[b,T}(a)(x 1 , X2 )\ q dx 1 dx2+ f [ ■■■+ [ [ 



' xi^yl J Z2S72 J J xigjl J X2 ^72 J J xiGjiI J X2^yJ 

= G\ + G2 + G%. 

By symmetry, it suffices to estimate G\ and G 2 . 
The Holder inequality implies that 



Gi< / \\[b,T]a( Xl , .)|| 



' xi07/ 

By J" R „ a(xi, x 2 ) dx\ = for all x 2 G M m , we have 
[6, T](a)(xi, x 2 ) 
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= / [K(x!, yi, x 2 , y 2 ) ~ K(xi, 0, x 2 , y 2 )\ 

JR n xR m 

x[b(x!, x 2 ) - b(x±, x 2 ) - b(x!, y 2 ) + 6(yi, y2)]a(yi, V2)dyi dy 2 
+ / K(x 1 , 0, z 2 , y 2 ) 

x[6(0, x 2 ) -b(0, y 2 ) -6(yi, x 2 ) + 6(yi, y2)]a(yi, yi)dy\dy 2 
= L x + L 2 . 

Notice that if x\ 7/ and yi G /, then |yi| < |xi|/2 and \x\ — yi|<2|xi|. Thus for any 
x\ 7/ and x 2 G K m , by Definition 1.4, (Kl), (K2) and the Holder inequality, we obtain 

< 4? [\\a\\ L 2(R",d yi )] {x 2 ) 



n+ej—ai 



and 



>i| 



|L2 ' -IJjj^^-Li^ |o(yi ' y2)|dyidy2 



< 



Since (1.4) implies that n — (n + e\ — oi\)q < and n — nq < 0, then by (R3) and Lemma 
3.1, we obtain 

Gi< I \\\ L i\\ q L n(wn^ dX2) + \\ L 2\\ q Ln{M , mtdX2) ) dx! 



1 

7 / Vki|(™ +ei - ai )« 1 kil n « 

<yi-(n+ei-ai)g _|_ yi-ng _ 



Choosing 5 = — max{n — nq, n — (n + e\ — a\)q} > 0, we have Gi<7 S ■ 
To estimate G 2 , by the vanishing moments of a, we have 

[b, T]{a){ Xl ,x 2 ) 

= \ [K(xi,yi,x 2 ,y 2 ) - K(xi,0,x 2 ,y 2 ) - K(xi,yi,x 2 ,0) + K(xi,0,x 2 ,0)] 

JR n xR m 

x[b(xi,x 2 ) - b(xi,x 2 ) - b(yi,x 2 ) + b(y 1 , y 2 )]a(y 1 , y 2 ) dy 1 dy 2 

+ / [K( Xl , yi ,x 2 , 0) - K(xi, 0, x 2 , 0)] 

x[6(xi,0) - b(xi,y 2 ) - 6(yi,0) + b(yi,y 2 )]a(yi,y 2 ) dy x dy 2 
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in vWm 



[K(xi,0, x 2 ,y 2 ) ~ K(x!,0, x 2 , 0)] 
x[b(0,x 2 ) - b(y 1 ,x 2 ) - 6(0, y 2 ) + b(y 1 ,y 2 )]a(y 1 ,y 2 ) dyi dy 2 
+ / K( Xl ,0,x 2 ,0) 

JR n xR m 

x [6(0, 0) - 6(3/1, 0) - 6(0, y 2 ) + b(yi, y 2 )]a(yi, y 2 ) dyi dy 2 
= L3 + L4 + L5 + Lq. 

Notice that if X\ 7/ and yi € /, then < |xi|/2 and \x\ — y\\ < 2|xi|; if x 2 72J 
and y 2 G J, then I2/2I < 1^21/2 and \x 2 — y 2 \ < 2\x 2 \. Thus for x\ 7/ and x 2 72J, by 
Definition 1.4, (Kl) through (K4), (R3) and the Holder inequality, we obtain 

vi\ ei M ea , , NIJ J ^ 1 1 



f f \yi\ ei \y2\ a2 

Ji J j RF^RF Kyi ' 1/2)1 dyi dm ~ 



Xl \n+ei- ai U 2 | 



and 



f /" M Q i \y 2 \ e2 1 1 

|L5 '~ JiJj \xi\ n |x 2 | m+£2 - a2 |Q(yi ' 1/2)1 dyidm - \ Xl \ n \x 2 \ m +^-^ 

f f \yi\ ai \i/2\ a2 1 1 

l L e|< / / ,„ m ,„ i m |a(l/i, 2/2)1 rfyirfj/2<|—j^ 



'/Jj \Xl\ \ x 2\ \ X l\ \X 2 \ 

From this together with n — (n + e\ — a\)q < 0, n — nq < 0, m — (m + e 2 — a 2 )q < and 
m — mq < 0, it follows that 



G 2 < I [ (\Ltf + \U\i + \U\ q + \U\<i)dx 1 dx 2 

/ / 



1 1 11 



x ^(n+ei-ai)q | X2 | (m+e2-ct2)q | Xl | (n+ei-ai)g |x2| m<7 

dx\ dx 2 



11 11 

+ 1 — rzz-, — 77—, r- + 



\xi\ n i \x 2 \( m+e 2- a 2)i \xi\ nc i |x 2 | m<7 

<yi-(ra+ei-ai)g _|_ yi-ng_ 

This shows G2<7 _<5 , which together with Gi<7 _<5 gives (3.1) and the proof of Theorem 
1.3 is therefore complete. 

Remark 3.1. The restriction a\ < min{n/2, 1} is to guarantee the boundedness of the 
commutator [6, T] from L 2 (R n x R m ) to L qi (R n x R m ) with 1/gi = 1/p - c*i/n; see 
Theorem 1.2. Since the L 2 (JR™ x R m ) norm appears in the definition of H p (R n x R m ) 
rectangular atoms, we need this boundedness of the commutator [6, T] in the proof of 
Theorem 1.3; see Corollary 1.1. 
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